







































































Math1510 Week9 Generally if a o is a constant
Remember

Trig Substitution For la x try i as.no
For Ix a try asec siroccos0 1

egg DX Ittario set0
19 x For da't x try x atanf

Sol let f 35h0 dX 3cosfd0
eg g dx 2 Seco I

gggd.ir f3cos0d0 x 1 4 i
19 9sino Cantake

g
3cosedG Let X 2SecO thenDX 2secotanodo Gclo.az
19050 DX 2secttaned0 tan0 o
3cosod0 XYX 4 14see0 4 50 4
3cos0

Canfind

If tanado SinobyIdf seco14tan0 drawingtriangle
0 1C f coso tanodoLztano
arcs.netC ufcosodo

Rink For substitution X 3sinO sing C go.ptIwetakeoarcsm5 EC E 2
die 4 C

and so cos030 J 50 asf 4X



Rmk What if xs 2in lastexample
egg

DX
Inthat case F 2secoLO cos0 0 1 2 2 3 let Xtt Etano

Wecantakeb inquadrant11 feet.kz
DX dx EsetOdf
Htt 12

Then tan0 30 S A g Ese do If E arctan

12tano 12 then Esosaz
Jean0 tano C seco o

Esecbdf
Also Sin Geo 112see i Isec't see0

Ese do
Seco Tittario

sin0 11 050 gzseco 1kt2
Il s'eio secede
Il 1 42 13In secottanfftc I

1 4
1 42 34 11 C

0

1 2 4 XCO In gz T2
x x



Picture lockt substitution lort formula t substitution isusefulfor integrating
Lett tan'E Then at rationalfunctions in sina.co

i.e polynomial in sinX cost
tank ftp.dx fedt Ix polynomial in six cost

I E
sinx 2T

HE I E tkt5
cost l t I 2t4t4t4E ET IcscXIX

Itt I 125 4
Http n DX let E tan'E

Pf 2T ztanE Itt Zdt

I E tanz
tant 2T HE

III etI 2snEcos sinx It
en ITI t C

III II Ite faux sin _cost lultanEI 1C
E tanz ddt lzseiz tzflttY fdx IEdtkmklnltanEI o.lucscxtcotxI



es f fog dx let E tan'E es d htt tan'E
4sinx 13cost 13

I 2dt

III It dt
41,2 131 IE t3 HE

2dt 2dt
HE H E 8T 13 3Et3t3E

Jdt dt
E 4 43

ft C If dat 13
4T 13

cot Etc lnl4t 13 t C

4hr14tanz 13 t C



Integration of rational functions Terms appear in partialfractions
Recall Bylongdivisionandpartialfractions A or A

axtb fax b k i k to
Rational

polynomial 1 Partialfractionsfunction Easytointegrate dx f dlaxtb
IntegerAnalogue 49oz441fog AxtB or Ax113 k I

ax4bxtC ax4bxt c k d b 4ac 0

Trig substitution completingsquareES
4 64 4 I

4
4X4 I 4 2

4 I Reductionformula

4x4 It t
t Useful formula

141 dx 4
3
4 en y

Ix a
ok atarctanIatC

ftanodO lnlseco.ltC
link11 1 2arctanxtC

Pf of
Integrate polynomial Easy
Integrate partialfractions standard

txtadx atliffaj.dk atarctana C



Afax b kDX k I xyhjxtcykdX.k I ax4bxtc irreducible

9 ft dx
es f 1yd let x tano

see'Edo At Sec Ed0
dat tano 1152 11

Sec4do

Ezln12 11 1 C see 0

f cos b do
9 I 1,4

DX I flit cos201 do

Iz dl2Xt1 G t 4 cos20

12012114
a sin20 1 C

2x F
See t formula

Il t µ p C G t t C sinzo
2 tan
It tano

I
212 173 C farctanxt 1C



Ax113 Method It Trig substitution
ax4b c

DX aK4bxtc irreducible
x 12 15 1 15122

eg f 4 7 let x 11 2tano x 2tanO I
t 12 5 DX dx 2seiOd0

Method I Splitnumeratorinto 2 parts
14 7 d f8tan0 4

7 zseio.DEd1 2 2 51 2 12 DX X 12 15 ztan052417 212 12 13 Stano 13
4seio

2seco.IO
4x 7
42 5DX

212 1 2 DX 3DX Iff8tanft3 do
x 12 5 1 2 12 5

4entseco Itzo 1C
2 DIX 12 15 3dlxti

x 2 5 Htt t't 4lnfltfxyj zarct.am C
2ln x 2 15 3 arctan CZ 2

Both correct 1424 5 3arctan c

Sure 441442 5 241 42 15 en't 2ln x 2 15 2hr4



9 Jsecxdx Method It

Isecxdx DX
Method I t formula cost

costDX let u sinxlet E tanz cost
ducosxdxfsecxdrfc.DE mu

HE 2dt f ul a
du

E HE
2dt tzlnlutil lnlu.it tC
I E

In sinxt I c

ft t't dt sinx I

en't il enlttiltckmktzenssiinnIII tzenfsiinIITYI.mn
In I I 1 C ten sinx 115t sirix I
en tantz

I
1 C In sinxt I

tan'Et I cost

lnltanx se.ci



Rationalization es Tx let u X'T
lts1xd x U dx 6u5du

es III DX 3

www 6usdu IF _x't u

Sol let u fx X sfx X'T us
d zlx z u 6 U du

Itu long divisionvdx 2nd't
6 46 little It t w du

I idk 1ft kudu 6141 tu utarctanu 1C
2 u da
U't l

dt.IS
on zgciti I du

X EX 2X'T 6Xttarctanxtic
u't 1

Ex g SE
Rationalization longdivision

214 uh du it
DX partialfractiontrigsubstitution

zu Zarctanut C Ans Is 3 5 zenlxt.tl t2T3arctan2YI t
z x 2arctanTxtC

enx'T X'T 11 1C



Integration by parts eg fxsinxdx
ProductRule

xsinxdx tzfsin d
2 degincreases BAD

ur dfavtuddy p Integrate x 122

deg I L x'sinx fxds.int Differentiate

dlav du vtuldv
x'sinx µos d

sink cost

udv dmv Vdu p
deg2 Evenworse

Judv Uv fudu Try again
XShXdx fxdcosX nomore X Idego Easier

t.esxEdXddzex ex Xcosx fcosxdx Integrate

de _Edx xcosxtgcosxdxs.mx cost

JXde Differentiate x I
Xcosxtsinx 1C degdecreases GOOD

XE e d
a
v e

XE e't C The choicesof ut v are important



a arccosX Guideline for integrationbyparts ones farccosxDX v x
x fix DX

farceosx X JXdlarccosX If fix sinx cost I
x arccosx t Ix DX then integrate fix differentiate X

x arccosX t f y
d If fix arcsinx arccosx lnx

then integrate X differentiate fix
x arccosx 111 x da x

x arccosx Iz z l X C es

Xarccosx y c
XnlnxdX n't

flnxdlxnt.ITlnxdx xenx fxdcenx
n4iflnHlXntY Xnt'dcenxy

xn lnX I
X thx I x DX n hi FX tfDX

X lnx intthnx x t C 1 Cht I htt



3epeated use of integration byparts eg2 IntegrateDifferentiate

e.gl e
cos2XdXyintegrated ex ex

cos Isin Icos
IX sinxdx cos2x de

G Whichone

1 2dcosx Eco2X JEdesk A Tryeitherone
e cos2xtfe 2sin2Xdxx'cost Icosidk integrated
e cos2xt 2 sin2Xde L

X cost 112x costDX exco 2 2 exsin2x fe dsin2X
X cosxt 2x dsinX e cos2xt2e sin2X 4 e cos2xDX
X cosxtzxs.mx fsinXdlH same as beginning
X cosxt2xsinxt 2cosX 1C Trick Morethattermto the left

5 e cos2Xdx ecos2xt2esin2x 1 C

e cos2xdx z e cos2xt2Esin2X 1C



Rmk In eg 2 we didbypartsbyintegratingex twice

AlsoOK to integratetrigfunctionstwice However donot integrate
e once andtrigfunction once

BAD
I ecos2XdX integratecos2x I ecos2XdX
If e dsin2x L a

integrate cos282

I e'sin2x Isin2xder
f Ed sink

t e'sin2x Isin2xde't
exsinzx fe'sin2xDX integrate exsinar I e sih2 d

integrateexIzfe'sin2x1 fe dcos2X

I e's.hu14 excoszx fcoszxde.ir
Esink Isin2xde

I e'sin2 4e'cos2 41excoszxdx
I le's.hu e's.mil e'ds.nx

Completely

same as beginning Je co 2X same as beginning

fecos2xdx I e'sin2x14e'cos2x C Indeed line 3 is alsosame as line 5
f e cos2xdx e'sin2kt fe'cos2kt C line 2 is also same as line6


